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Potential formalism for an axial energy cumulation process
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A central filament is assumed to be axially positioned inside a collapsing cylindrical thin shell. A cumulation
process is induced by generating a high magnetic field between the shell and the filament. Assuming a
dissipationless approach, it is shown that this problem is equivalent to two point particles moving in a
potential.

PACS number~s!: 52.55.2s, 52.75.2d
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Cumulation, i.e., concentration of energy~or magnetic
fields or any other physical quantity! into a small volume is
well under research and development in pulse power devi
In particular, different implodingZ-pinch devices have bee
investigated@1–4#. The concentration of energy into a smal
fiber plasma provides extremely high temperatures, wh
might pave the way to thermonuclear fusion and other te
nical applications.

Two scenarios can be considered for the model descr
in this paper, where a central filament is assumed to be
ally positioned inside a cylindrical shell collapsing by th
Z-pinch effect. The cumulation process is induced by gen
ating a high magnetic field between the cylindrical shell a
the filament.

~a! The first scenario presumes that the central filamen
a porous material with a density of the order of the plas
critical density ~i.e., the number of electrons per cm3 is
1021/lm

2 , wherelm is the laser wavelength inmm!. Circu-
larly polarized laser light~CPLL! is absorbed along the fila
ment and by the inverse Faraday effect induces an axial m
netic field between the filament and the shell. Recen
megagauss axial magnetic fields have been measured@5,6# in
laser plasma interactions.

In the CPLL scenario, another configuration can be ta
into account: the filament is solid~with a density larger than
the critical density! and a porous material is placed betwe
the filament and the shell. The laser light is absorbed
tween the shell and the filament and a reversed field confi
ration is generated~between the filament and the shell!. In
this case the magnetic field inside the filament is zero,
suming a dissipationless system.

~b! An external magnetic fieldBz0 is applied between the
shell and the filament. In this case the field coils are outs
the shell, and an ideal dissipationless system must be
sumed, so that the magnetic field does not penetrate into
filament ~i.e., it behaves as a superconducting plasma!.

The two scenarios~a! and~b! are not equivalent. CPLL
induced magnetic fields require a technique still under de
opment, with very promising results@5,6#. It could actually
produce powerful magnetic fields on a very short time sc
of the order of 100 ps or less. In contrast, external coils
more conventional, but they need a much longer time to
created, which also means they have more time for diffus
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into the surrounding plasmas. Here we propose to use
inverse Faraday effect by propagating circularly polariz
laser light along an underdense layer of the filament~a coat-
ing!. Therefore we shall analyze case~a! in particular.

The filament length over which the inverse Faraday eff
is effective can be estimated by assuming that the laser
sorption is due to inverse bremsstrahlung. In this case
length l in units of cm is inversely proportional to the ab
sorption coefficient.

1'3.4~Te
1.5!lL

22~1020/ne!
2~1/Z!,

whereTe and ne are the electron temperature~in keV! and
density~in units of cm23!, Z is the plasma ionization, andlL
is the laser wavelength~in mm!. For lL'1 mm, ne'

1
3

31021cm23 ~1
3 the critical density!, Te51 keV, andZ51,

one getsl'0.15 cm.
Besides the axial magnetic fieldBz created by the inverse

Faraday effect, there is also an azimuthal magnetic fieldBu
generated by a term of the form]Bu /]t5¹ne
3¹@Te /(ene)# which implies thatBu'Tet l /(LnLT), where
Ln is a scale length in the axial direction and in our case is
the order of the filament length andLT is a transverse scal
length and in our case is of the order of the filament radi
With Ln'0.1 cm, Te'1000 eV, LT'0.005 cm, and a lase
pulse duration of the order of 1 ns, we can expect t
Bu /Bz!1023, so that the interchange instability modes a
not important.

Another issue is the Rayleigh-Taylor~RT! instabilities.
There are two phases where they can destroy the cylind
symmetry: ~1! the Z pinch of the shell during its accelera
tion phase and~2! the filament acceleration by the magne
field between the cylindrical shell and the filament. The fi
one is typical of anyZ-pinch scheme and this instability ma
be reduced by the scheme where multiwire shells are
ploded@8–10#. The second one is typical of our scheme a
it is analyzed following Chandrasekhar@11#. The amplitude
of the RT instability is proportional to exp(Gt); the growth
rateG is given by

G25gkS r22r1

r21r1
2g D , ~1!

whereg is the acceleration,r2 andr1 are the densities of the
heavy and light fluids~the magnetic field acts as the lighte
7227 ©2000 The American Physical Society
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fluid with zero density!, k52p/l wherel is the wavelength
of the instability, andg5Bz

2/2grl.
As r150, wheng>1 the implosion is stabilized by th

applied magnetic field. It must be noted thatg depends onl
and it is easier to stabilize short-wavelength modes t
long-wavelength perturbations. Of course, wavelengths c
not very long because they are approximately limited to
shell diameter. For instance, forBz054 MG and a relevant
acceleration of 1015cm/s2 during the interaction phase be
tween the shell and the filament, one obtainsgl;0.5.
Therefore, for this example, the axial magnetic field redu
instabilities due to perturbations with amplitude smaller th
about 0.5 cm.

The current generated by the CPLL will also produce
magnetic field inside the hollow filament in the opposite
rection to that between the shell and the filament, so that
net flux is zero. For a filament of radiusa and a shell of
radiusr, flux conservation requires

Bz~ in!a25Bz~out!~r 22a2!, ~2!

where ‘‘in’’ and ‘‘out’’ refer to inside and outside the fila
ment.

In our model, the analysis will be restricted to the ‘‘co
lision’’ between the shell and the filament, i.e., the intera
tion phase where the shell approaches the filament,
therefore (r 2a)!a, and Bz(in)!Bz(out). The magnetic
field must be switched off once the bulk of the filament h
already been accelerated toward the axis. From that poin
the implosion is driven only by the kinetic energy transm
ted from the shell to the filament and it becomes a stand
problem of inertial confinement. The CPLL is applied on
in that period of time, which means that a short-pulse la
triggered around the collision time is the suitable tool for t
purpose.

Using this ‘‘CPLL scenario,’’ the laser duration tim
scale is much less than the time scale of the magnetic d
sion ~into the filament!. In fact, a characteristic magnet
diffusion time would be

tB5
4ps l 2

c2 , ~3!

wherel is the diffusion penetration length,c is the speed of
light, ands is Spitzer’s conductivity@7# in units of s21 given
by

s5
8.7031013

Z ln L
Te

3/2 ~4!

with Te in eV. Therefore, for a Coulomb logarithm lnL
;10, we have

tB53.8431025S 1

ZDTe
3/2l 2, ~5!

wheretB is given in s,Te in keV, andl in mm. For length
dimensions smaller than the filament radius, e.g., 10mm, and
a temperature of 1 keV, the diffusion time becomestB
'4 ns. Although this estimate is relevant for the initi
stages of the magnetic penetration~in planar geometry!, the
diffusion time in a cylindrical geometry is reduced by a fa
n
n-
e

s
n

a
-
e

-
nd

s
n,

rd

r

u-

tor equal to the square of the first root of the Bessel funct
of order 1. In the above example the diffusion time is r
duced to 0.3 ns.

The equation of motion for a thin shell of matter, assu
ing axial symmetry, is given in cylindrical coordinates by

rs

d2r

dt2
52

]Ps

]r
, r 1~ t !<r<r 2~ t !, ~6!

wherers and Ps are the shell density and pressure, resp
tively. In order to write the equation of motion for an ave
age radial distancêr& we define

^ f ~r !&5
2* r 1

r 2f ~r !r dr

~r 2
22r 1

2!
. ~7!

Using the approximationr 2
22r 1

252^r &d, whered5r 22r 1

and ^r &'r 1'r 2 , and introducing the shell mass per un
lengthMs5rs2p^r &d into Eq. ~6!, one gets

Ms

d2^r &
dt2

522pE
r 1

r 2
r

]Ps

]r
dr522p@r 2Ps~r 2!2r 1Ps~r 1!#,

~8!

where the right-hand side was obtained by integrating
parts and assuming the thin shell approximation

E
r 1

r 2
PSdr!P~r !r for r 1<r<r 2 . ~9!

Through the shell, a currentI s flows in the axial direction
and the shell implodes onto the coaxial target~the filament!.
This current creates an outer toroidal magnetic fieldBu , im-
plying a pressurePs(r 2) of

Ps~r 2!5
Bu

2

8p
, ~10!

Bu5
I s

5r 2
. ~11!

In these equations, cgs units are used, except for the cu
which is in ampe`res.

I s is the value of the maximum current. The current in
Z-pinch discharge is time dependent with a time scale va
tion of the order of 1ms. However, the time scale of th
process considered in this paper is of the order of 1
Therefore one may assume that the currentI s is constant for
the calculations presented here.

An axial magnetic fieldBz0 is created as described abov
in scenario~a! or ~b!. The magnetic fieldBz between the
shell and the filament and its pressure are obtained by u
the flux conservation principle,

Bz0~r 0
22a0

2!5Bz~r 22a2!, ~12!

Pm~r !5
Bz

2

8p
, ~13!

wherer 0 anda0 are the radius of the shell@r 05r (t50)# and
the filament@a05a(t50)# at the time when the magneti
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field is created. SubstitutingPs(r 2) from Eq.~10! andPs(r 1)
from Eq.~13! into Eq.~8!, one gets the equation of motion o
the shell for a thin shell approximation (^r &5r'r 1'r 2),

Ms

d2r

dt2
52

I s
2

100r
1

Bz0
2 r

4 S ~r 0
22a0

2!

~r 22a2!
D 2

. ~14!

The equation of motion for the target, i.e., the central fi
ment, is given by

r f S ]u

]t
1u

]u

]r D52
]Pf

]r
, ~15!

where u, r f , and Pf are the filament speed, density, a
pressure, respectively.

Uniform pressure and velocity profiles are assumed ins
the filament. When the magnetic pressure between the s
and the filament,Pm , is larger than the filament pressurePf ,
the implosion process takes place with a negative velocitu.
Similarly, for Pf.Pm the filament expands with a positiv
velocity. The pressure can be written asP5Pfu(a2r )
1Pmu(r 2a), whereu(x)51 for x.0 andu(x)50 for x
,0. Similarly, the velocity u(r ,t)5u0(t)u(a2r )
5(da/dt)u(a2r ). Therefore the equation of motion of th
filament is

r f

d2a

dt2
52

Pf2Pm

a
. ~16!

The filament is assumed to be in a plasma state wit
pressure composed of two terms,PT , the ideal gas equation
of state~EOS!, and Pc , taken as the Fermi-Dirac pressu
@12# ~the cold EOS!,

Pf5Pc1PT , ~17!

PT5~11Z!nikBT, ~18!

Pc5
1

20S 3

p D 2/3h2

me
ne

5/3[cene
5/3. ~19!

ne and ni are the electron and ion number densities of
filament plasma, which is assumed to be neutral;ne5Zni , Z
being the average degree of ionization. The electrons and
ions are assumed to have the same temperatureTe5Ti5T.
In Eq. ~18! kB is the Boltzmann constant,h is the Planck
constant, andme is the electron mass. Introducing into E
~19! the filament mass per unit lengthM f5pa2r f , and us-
ing the relationni5r f /(Afmp), wheremp is the proton mass
andAf is the atomic number of the filament matter, the fi
ment pressure is expressed by

Pf5~11Z!S M f

Afmp
D kBT

pa2 1S Z

p D 5/3S M f

Afmp
D 5/3 ce

a10/3.

~20!

Note thatPc(r0)/PT(10 eV);0.2 wherer0 is the DT liquid
density, and this ratio scales with density and temperatur
r f

2/3/T.
Assuming an adiabatic energy equation for the filame

T/r f
2/35const, one has
-

e
ell

a

e

he

-

as

t,

S T

T0
D5S a0

a D 4/3

. ~21!

Using Eqs.~20! and~21! in Eq. ~17!, the equation of motion
~16! of the filament is derived:

M f

d2a

dt2
5F2~11Z!kBT0a0

4/3S M f

Afmp
D

1
10ceZ

5/3

3p2/3 S M f

Afmp
D 5/3G 1

a7/32
Bz0

2 a

4 F ~r 0
22a0

2!

~r 22a2!
G2

.

~22!

The equations of motion of shell and filament, Eqs.~14! and
~22!, can be derived from a potentialU(r ,a) given by~in cgs
units butI s in A!

U~r ,a!5A ln
r

r 0
1

B

2 S ~a22a0
2!2~r 22r 0

2!

~r 22a2!
D

1CF S a0

a D 4/3

21G , ~23!

A5
I s

2

100
, B5 1

4 Bz0
2 ~r 0

22a0
2!, C5Cc1CT , ~24!

Cc5~1.4531013!S ZMf

Af
D 5/3 1

a0
4/3,

CT52~11Z!kBT0S M f

Afmp
D . ~25!

Note thatA,B,Care positive and have dimensions of erg/c
A classical HamiltonianH can be defined for the canon

cal variablesr andps anda andpf

ps5Ms

dr

dt
, ~26!

pf5M f

da

dt
, ~27!

H5
ps

2

2Ms
1

pf
2

2M f
1U~r ,a!, ~28!

with the usual equations of motion

Ms

d2r

dt2
52

]U

]r
, ~29!

M f

d2a

dt2
52

]U

]a
, ~30!

which correspond to the Hamilton-Jacobi equations. Eq
tions ~29! and~30! are identical to Eqs.~14! and~22!. In this
formalism the magnetic fieldBz0 and the currentI s are con-
stants. The ‘‘potential’’ formalism is applicable only afte
the Bz0 is induced~by the action of the CPLL beam or b
external coils!. Before it, the shell is strongly accelerate
inward by the pinch effect.
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The extremum of the potential is given by solvin
]U/]r 50, ]U/]a50, implying that

A

B~r 0
22a0

2!
5

r 2

~r 22a2!2 , ~31!

4Ca0
4/3

3B~r 0
22a0

2!
5

a10/3

~r 22a2!2 . ~32!

For Z51, the solution of these equations is given in practi
units by

r

r 0
5

0.132

Af
1/6 r 0

14/9a0
2/9T0

1/6M f
1/6Bz0

7/9I s
210/9, ~33!

a

a0
5

~9.3931022!

AAf

r 0
2/3a0

2/3T0
1/2M f

1/2Bz0
1/3I s

24/3, ~34!

with r 0 in mm, a0 in units of 0.1 mm,T0 in eV, M f in
mg/cm,Bz0 in MG and I s in MA.

An analysis of the potentialU as a function ofa for r as a
parameter is given in Fig. 1. From the numerical solutions
Fig. 1 it is clear that interaction between the two masse
analogous to an elastic collision of point particles with
reflecting wall ata50.

The efficiency of the filament implosion depends on t
hydrodynamic efficiency of the shell-filament collision, i.e

FIG. 1. The potentialU(r ,a) as a function of the filament radiu
a with the thin shell position r as a parameter~potential
unit5100 J!. Shell mass is 46.4mg/cm; filament mass 11.6mg/cm;
maximum pinch current 1 MA; axial magnetic field 106 G; initial
shell radius 0.02 cm; initial filament radius 0.01 cm; initial filame
temperature due to laser interaction 10 eV. The filament is mad
deuterium. It is important to observe that the potential show
significant well as the radiusr decreases.
l

n
is

on the fraction of the kinetic energy of the shell transmitt
to the filament. If a head-on elastic collision is assumed
can be estimated by

Vf

Vs
5

2~Ms /M f !

~Ms /M f !11
, ~35!

and

of
a

FIG. 2. ~a!. Numerical calculations for the filament~a! and shell
~r! positions as a function of time, forI S525 MA, BZ054 MG,
T0510 eV, andMS5M f with initial shell speed of 1.8mm/ps.~b!
Evolution of the shell and filament speeds in the case presente
~a!.

FIG. 3. Filament temperature vs time for the case reported
Fig. 2.
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h5
M fVf

2

MsVs
2 5

4~Ms /M f !

~Ms /M f !
212~Ms /M f !11

, ~36!

where Vf and Vs are the velocity of the filament and th
shell, respectively. h gets its maximal value (h51) for
Ms /M f51, which corresponds to the classical billia
head-on collision, in which the incoming ball is stopped a
the ball at rest goes out with the speed of the former.
inertial confinement fusion~ICF! the speed of the imploding
matter is very important. From Eq.~35! one can see tha
Vf /Vs increases asMs /M f increases, with the asymptoti
value of 2. However, in our model the shell mass is limit
by the thin shell approximation.

In Figs. 2~a! and~2b! the shell and filament positions an
their appropriate velocities are given forh51 ~i.e., Ms
5M f!. Values assumed for the electromagnetic parame
are very high, as needed for fusion scenarios, namely,Bz0
54 MG, I s525 MA, and a deuterium-tritium target with ini
e

n,
d
n

rs

tial temperatureT0510 eV. In these numerical calculation
Bz is switched off after the shell-filament ‘‘collision.’’ The
temperature of the filament for this case is given in Fig.
Values over 10 keV are obtained inside the filament arou
the time of maximum compression. This temperature wo
be high enough to trigger a DT fusion burst, which is
positive conclusion of our analysis. However, addition
analysis of density values and confinement time is neede
have a complete picture of the importance of this scheme
future fusion applications. In any case, the potential form
ism is a kinematic view of the cumulation process that co
be created in the interaction between coaxial plasmas s
rated by a magnetic field.
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